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$1. INTRODUCTION 
CURVATURE restrictions on a Riemannian manifold often lead to corresponding restrictions 
on the underlying topological structure of the manifold. An example is the well known 
theorem of Myers that says a complete Riemannian manifold of strictly positive Ricci curva- 
ture must be compact. Most commonly, the restrictions on the topology take the form of 
restrictions on invariants of homotopy type such as homotopy and homology groups of the 
given manifold or of related topological spaces. Here we consider a closed submanifold N 
of a taut risec pinched complete Riemannian manifold. Let p be a point in the complement 
of IV. We find that the Betti numbers b, of the path space R(p, N) grow at most exponen- 
tially in 2. 
In the course of our calculations we show that the volume of a tube of radius t around N 
is at most exponential in t. This estimate of growth compares favorably with the case of N a 
compact submanifold of a simply connected complete manifold with constant sectional 
curvature. Indeed, the volume of a tube of radius t around N is then a polynomial in t with 
integral-invariant coefficients dependin g only on the curvature of N, as follows from the 
celebrated formula of H. Weyl [S]. 
$2. STATEMENT OF THE THEOREXI 
Let M be a complete Riemannian manifold of dimension m and N a closed embedded 
submanifold of dimension n. (For simplicity, all manifolds considered are assumed to be of 
class C”, without boundary, and complete.) Let p E M - N and let Q@, N) be the set of 
paths in M which originate in N and terminate at p. Each f e R(p, N) is a continuous map 
f: [O, I] + A4 with f(0) E N and j(l) = p. With the compact-open topology, !2@, N) is a 
topological space and Morse Theory implies that !2(p, N) has the homotopy type of a CW- 
complex with only finitely many cells in each dimension [4, Theorem 11. In particular, the 
Betti number b,(R(p, N)) is finite in each dimension il. 
Call M taut if all of its sectional curvatures lie in an interval [--a’, b’]. For such an M, 
we can and do normalize the metric so that the maximum taken by the sectional curvature is 
1 and then call M p’-taut if the sectional curvatures lie in [ -p2, 11. By the theorem of 
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Myers previously mentioned, a manifold with strictly positive Ricci curvatures is compact. 
For such a manifold the metric can again be normalized so that the maximum sectional 
curvature is 1. If the minimum Ricci curvature is then 2 6 > 0, call :M d’-risec pinched. 
From now on we will use p and 6 as just described and assume the metric normalized. 
Note that there are two definitions of Ricci curvature in common use differing by a factor 
involving only the dimension. We use the averaged Ricci curvature, so that the Ricci curva- 
ture of the unit Euclidean m-sphere is 1 by our definition (the same as the sectional curva- 
tures) while the classical definition assigns Ricci curvature m - 1. 
Recall that a real-valued function g defined on positive integers is offinite exponential 
order u if for every E > 0 the inequality lg(J.))1 _< A exp(cr + E)/! holds for some constant A and 
all sufficiently large 1.. 
We will prove: 
THEOREM. Let M be a taut, risec pinched manifold and let N be a closed embedded sub- 
manifold. Then the ftrnction 
c_i = i b,,(Qh N)) 
p=o 
is offinite exponential order. 
This theorem connects and extends two previous results. Berger and Bott [l] considered 
the case where N degenerates to a point and where M is Riemannian pinched (that is, the 
sectional curvatures lie in an interval [k’, l] with k > 0). Grossman [6] treated the case 
where N is a totally-geodesic hypersurface and he relaxed the condition on IM to that given in 
the theorem. As pointed out in [7], the use of tautness and risec pinching yields information 
about ,I-holomorphically pinched K5hler manifolds for smaller values of ,l than had been 
previously considered. Moreover, N can be of arbitrary codimension in the present theorem. 
For example, this means that holomorphic submanifolds of KZhler manifolds are included 
in the scope of the theorem. To our knowledge, this last situation has not yet been studied. 
Proof of the Theorem. Grossman’s article [7] contains many details to supplement the 
following argument. In particular, Proposition 3.4 of that paper is our point of departure, 
but we must modify it by replacing the totally geodesic hypersurface used there with a more 
general submanifold of arbitrary codimension. 
An N-geodesic is a geodesic y : [0, co) -+ M parametrized by arc-length with y(O) E N and 
direction y’(O) E I(N), the normal bundle of N. The N-geodesics define an exponential map 
exp’ associated to N whose singularities are the focal points of N in M. The set i,(N) of 
normal vectors of length <s is open in J_(N) and carries a differential m-form w = (exp’-)*u, 
where u is the Riemannian volume form on M. If M is not orientable then we may consider u 
the section of the volume bundle (odd forms of degree m) which yields the correct volumes 
of spheres in the tangent spaces. Since exp’ is a local diffeomorphism of I(N) onto M, expl 
is an orientable map and hence w = (exp’)*v makes sense as an odd form of degree m on 
J_(N). Ultimately, we will estimate the volume in terms of norms and, since the norm of an 
orientation is 1, it is immaterial whether or not M is orientable. A thorough exposition of 
odd forms is given in [3]. 
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Our version of Proposition 3.4 of [7] is: 
PROPOSITIOX. Let AI be a compact Riemannian manifold of dimension m and N a com- 
pact embedded submanifold of dimension II. Let t be so large that any X-geodesic of length t 
contains at least 1 focal points of IV. Then 
It suffices that M have finite volume but we will use the proposition only under assump- 
tions that imply ICI is compact. The proof is the same as the proof of Proposition 3.4 of [7]. 
In fact, no reference is made in that proof either to the dimension of :V or to its geometry in 
We devote the remainder of the article to estimating the last integral. The difficulties of 
estimation arise both from the arbitrary codimension of IV and from the failure of IV to be 
totally geodesic in M. We circumvent these difficulties by choosing a certain small r > 0 and 
considering only the integral 
n 
where i-,,,(N) is the set of vectors in J_(N) whose lengths lie between r and s (r < s). We 
may ignore the integral over I,(N) since we are interested in estimates of exponential order, 
compared to which constant summands are negligible. The boundary L, = exp’ al,(N) of 
the r-tube around N is a hypersurface of M and each geodesic orthogonal to N is also ortho- 
gonal to L,. 
Let L be a hypersurface of M and pick a point q EL. At q, suppose that the normal 
curvatures of L are bounded by r] in absolute value, that is, if e is any unit vector in I(N), 
and S, is the second fundamental form of L in the direction e then the norm of S, is at most 
q. Let y be an L-geodesic and let Y be an L-Jacobi field along y. Recall that an L-Jacobi 
field along an L-geodesic y is a Jacobi field along y such that (i) Y is perpendicular to y, 
(ii) Y(0) EL,, (iii) Y’(0) - .Sl.(Oj Y(0) is perpendicular to L, [2]. [In (iii) Sl,(Oj is the second 
fundamental form of L at q in the direction y’(0) considered as a symmetric linear transfor- 
mation of L,, while Y’ is the covariant derivative of Y with respect to y’.] The focal points 
of L along y are determined by the vanishing of L-Jacobi fields. Since M is 6’-risec pinched 
and the normal curvatures are bounded in absolute value by q, no focal points of L can 
occur along y before distance T_ = cot-’ 7 and at least one must occur before 
T - --6-‘cot-‘(q/6) [4, 51. Following a similar argument as in Section 4 of [7] we obtain 
aA estimate for the growth of an L-Jacobi field: 
(1) j Y(t) I 5 B;“n + L max(l Y(0) I, I Y’(O) I ) 
for all t, where 
B, = 1 +cosh’:P +-&sinhtip. 
Choose r > 0 so small that no N-geodesic has a focal point in [O, r]. Let L, be as above. 
Suppose that 0 > 0 bounds the absolute value of the normal curvatures of IV. Let q EL, and 
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choose an orthonormal set of vectors e,, . . . , e,_, tangent to L, at q such that the parallel 
translates of e,, . . . , e, along the N-geodesic 7 through q are tangent to N at y(O) while the 
parallel translates of e, + i, . . . , e,_, are perpendicular to _\’ at y(O). (Think of N as a circle 
in W3 and L, as a torus.) At this stage we wish to bound the normal curvatures of L,associat- 
ed to the ei. By the choice of r the geodesic segment yI[O, r] is minimal so any second 
variation of arc length is non-negative. This implies that the index form [2] is positive semi- 
definite. 
If we let 9 be the linear space of broken C 5, vector fields along 7 and perpendicular to 
it and tangent to N and L,, the index form on ;1[[0, r] is the bilinear form ion 8 defined by: 
if Y,ZEB 
I(Y, Z) = S,,,,,(Y(O), Z(0)) - S,,(,,(Y(r), Z(r)> + Jo1 <Y’, Z’> - @(y’, Y)Y’, 0 
where R is the curvature tensor of M. Suppose v E N,(,,, , ei as above, and let X E 3 with 
X(0) = v, X(r) = ei. Then 1(X, X) 2 0 and so 
S,.&e, , ei) - S~~~o~(v, u) < Jr 1 X’ I2 - K(X) 1 X I2 
0 
where K(X) is the sectional curvature in the 2-plane spanned by X and y’. 
Let Ei be the parallel field along y with E,(r) = ei . Suppose first that 1 < i 5 n and use 
(2) with X = Ei. Since K(X) 2 -p’, 
Sy.crj(ei , ei) < S,,,o,(Ei(O), Ei(O)) +Jb - K(X) s c + p2r. 
Second, suppose that n + 1 < i I M - 1 and take X(t) = (sinh pt/sinh pr)E,(t) in (2) to 
obtain 
S7,cr,(ei , ei) I f 1 X’ 1’ + p2 I X 1’ = p coth pr. 
0 
We are ready to estimate \v as a function oft. Let 7 be an L,-geodesic with y(O) = q E L, . 
Choose an orthonormal frame e,, . . . , e,_, of tangent vectors to L, at 4 so that e,, . . . , e, 
and e “+ 1, . . . , e,_, are adapted to N as described above. Let Y,, . . . , Y,,,_, be L,-Jacobi 
fields along y with Y,(O) = ei, i = 1, . . . , m - 1. Since the linear space of L,-Jacobi fields has 
dimension m - 1, we have specified the Yi uniquely. 
The m-form vv on I(N) can be written as 
w =J+vo 
where J is a scalar density and w. is the product of the Riemannian volume form in N with 
the Euclidean volume form on the fibres W”-” of l_(N). In fact, we use the well-known 
prescription for calculating n expi in terms of L,-Jacobi fields to obtain 
IJ(fN I I f-1 A *.* A Y,_,1(t). 
(The rnth factor in the exterior product is r’(t), which we suppress since it has length I and is 
always orthogonal to Y, A . . . A Y,, _ 1, by Gauss’ Lemma [2].) Therefore 
Iwl(t> 5 I Y1(t>l *** I YWl(f>l * IwoI* 
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For each i, 1 Y,(O)1 = /eil = 1. By Gauss’ Lemma and the condition (iii) on L,-Jacobi fields, 
we may suppose 
I ~iv>l 5 9r, 
where 
Vi = 
i 
G + p*r llr<n 
p coth pr n+lli<m-I. 
Since max(a, b) 5 a + b for positive a and b, we find by using (1) that 
! 1 WI ~(1 + 0 + p%>“(l -I- pcothpr)“-“-’ I ~3 P (*s/r+I)(m-l)j,VO 1. +, t(N) +, r(N) 
But lw,,l 5 s m-n-1ds A LL)~._~._~ A v, where w,_,_.r is the volume element on the Euclidean 
sphere S”‘-“- ’ and v is the Riemannian volume element in N. Use Fubini’s Theorem to 
first integrate radially, then over the spheres in each normal plane, and finally over N. At 
the first step of integration, note that ~~-“-r is monotonic and BP > 1, so that 
.I 
1 
sm-n- 1 B 
P 
I*(m-l)/nlsds 5 tm-~-1~p~*(m-l)/n3r/log~p. 
I 
The result, placed into the inequality of the Proposition, is 
(3) c1 5 ~rfm-n-1 Bp[*(m--l)lnlr, 
where A, is a constant, independent oft, but dependent upon N, 6, p, r, and (T. As we have 
estimated it here, A, depends upon r in such a way as to become infinite as r approaches 0. 
This is why our method yields only order of growth for c1 instead of bounds on its growth as 
in Cll, C71. 
To finish the proof of the theorem, we have only to find a t so large that all L,-geodesics 
of length 2 t have index 2 /z + 1. Flaherty [4] has estimated the position of focal points in 
the present geometrical situation. There must be a focal point to L, along y before distance 
T’o = 6-1 coth-‘(@/a), \\,here q is an upper bound for the normal curvatures of L, at any 
point. Thus q depends only upon the fixed r and upon [r, the upper bound for the normal 
curvatures of N at any point. The number TV is therefore determined as a function of 6, r_ 
and C. 
As in the proof of Proposition 2.1 of [7], we conclude that an L,-geodesic of length 
greater than t = r0 + >n/6 has index >,I + 1 > 1. Substituting this value of t into (3), we 
find 
cl I A, 
m-n- 1 
B tZ(m- IMdl 
P , 
where A, is a constant dependent upon N, 6, p, r, and IS. Since /2m-n-1 is of exponential 
order 0, we have arrived at the growth estimate claimed in the theorem and, in fact, we have 
shown that c* has exponential order <2[m - 1)6-l log B,. 
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